In the remainder of §2, we apply these results to our examples of 2-symmetric links to construct two-fold branched covering spaces of S 3 . (Recall that any such branched covering space can always be constructed by suitable surgery on some strongly invertible link in S 3 ; this idea was first introduced in [MoJ.) The construction process shows clearly that many of the manifolds produced have at least two different Heegaard splittings. Some of our covering spaces are hyperbolic manifolds (obtained by surgery on the figure-eight knot) with different Heegaard splittings; W. Jaco has asked whether a hyperbolic manifold could have this property.
In §3, we take the opposite tack and construct 3-manifolds that are two-fold branched covering spaces of S 3 in exactly one way; that is, these manifolds characterize the type of the link in S 3 over which they branch. Theorem 3.7 characterizes many doubled-knot types in this way. If, however, K is a prime, strongly invertible knot, then the two-fold branched covering space of any double of K covers S 3 in at least two distinct ways (Proposition 3.8) . Along the way, we classify the strong equivalence classes of involutions on Seifert fibered manifolds of the form (O, o; 0|0; 2 k/I) with fibered neighborhoods of two regular fibers removed, for k a nonzero integer (Theorem 3.6). In Corollary 3.10, we characterize the knot type of a prime knot by the topological type of the two-fold branched covering space of a certain doubled knot.
We wish to thank S. Bleiler, W. B. R. Lickorish, J. Przytycki and M. Sakuma for helpful comments. We work in the PL category. One can refer to [Ja] for most basic definitions and results.
Examples of 2-symmetric links. Let p: M -> S 3
be a two-fold branched covering map, let h be the covering involution, and let B be the branch set of p.
The image L ( = pL) is a disjoint union of knots and arcs. The preimage of an arc is a strongly invertible subknot of L; that of a knot in L Π B, an invariant subknot ofL\ that of a component K of L such that Lk(i?, K) = 1 (mod 2), a periodic subknot ofL. The link L is periodic, if all components of L are periodic simultaneously. Finally, the preimage of a component K of L such that Lk(5, K) = 0 (mod 2) is an interchangeable two-component sublink of L.
Let U be a relative regular neighborhood of L in (S 3 ,B) . In each torus component of dU 9 we take a meridian-longitude pair (m, /) of the corresponding knot. In each spherical component of 31/, we take a pair (m, /) of arcs such that m Π B = dm and / Π B = 3/; moreover, mΠ/is one point, and m together with an arc of U Π B bound a disk in U. In each component of the preimage of 3ί/, take a coordinate pair (m, /) that , 70 = Lk( £ 1? V)
REMARK. When M = S 3 , we shall take the arcs (m, /) of any spherical component of dU so that the preimages (m, 7) form a meridian-longitude pair of the corresponding strongly invertible subknot of L.
We are interested in links in S 3 with more than one interpretation as a 2-symmetric link. We give some examples. REMARK. In Figure 3 (and in the rest of the figures of this section), we depict the arc K so that its coordinates (m,/) lie in the plane of projection. We note that the two constructions of Figure 3 The knot K (see Figure 6 ) is contained in the manifold M obtained by surgery on a link N of two components. We take (mj) as a meridianlongitude pair of K thought of as part of the link, K U N c S 3 .
REMARK. For η = 1, the manifold M is the lens space L(3,1) depicted in Figure 7 , which is a two-fold covering space of S 3 branched over the trefoil. (see [BoGM; Remark 2.6 
The knot K is contained in the manifold M obtained by surgery on the figure-eight knot N. We take (m,/) as a meridian-longitude pair of K thought of as part of the link K U N.
Constructions of two-fold branched coverings of S
3 . Our goal in this section is to construct two-fold branched covering spaces of S 3 by pasting together the exterior of links that are 2-symmetric in different ways. The following proposition gives the condition under which the resulting manifold admits an induced involution. PROPOSITION 
Let E(L) and E(L') denote the exteriors of 2-symmetric links L and V in the manifolds M and M', with involutions h and W. Let T and t f be tori in dE(L) and dE(L') with coordinates (m,/) and
that is, the result of pasting E(L) and E{L') together along t and 7" according to a homeomorphismf: T' -» t, such that on f; the matrix, (β ] 
\ 7/
We also use the notation of Figure 10 , with γ/δ = Figure 11 , we depict the case a/β = 43/10. We now give our examples.
•D-c (b) Take L to be the (right-hand) trefoil knot of Figure 3 , let N(K) be trivial in S 3 , and take A = (%]) (respectively, A = ( 2 £ £)). Then the manifold obtained by 2/δ-surgery (δ odd) on the trefoil (respectively, l/δ-surgery) is a two-fold branched covering space of S 3 in the two ways depicted in Figure 13 (respectively, Figure 14) (cf. [G] ). On the other hand, since the figure-eight knot is strongly invertible in two ways (Figures 4(b) and (c) ), the manifold obtained by γ/δ-surgery on the figure-eight is a two-fold branched covering space of S 3 in two ways ( Figure 17 ). 
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(3) Note that the manifold obtained by γ/δ-surgery on the figure-eight knot is the same as that obtained by (-γ/δ)-surgery.
(4) As observed in [Th] , the manifolds obtained by ±1-, ±2-and ± 3-surgery on the figure-eight knot are Seifert fibered manifolds. The one obtained by ±4-surgery is a graph manifold. We recognize these manifolds in Figure 19 [M] . (5) For γ/δ = 1/δ (δ Φ -1), the manifold is the two-fold branched covering space of the knots in Figure 20 , which are probably of different knot types. Because they have three local maxima, the corresponding manifold would have three different Heegaard splittings.
REMARK. That the knots in Figure 20 for Example c(5) are, in fact, of different type for 8 Φ 0 was kindly pointed out to us by M. Sakuma (see [FS] ). The two authors of [FS] obtained this result independently. As noted on page 191 of [FS] , part of the result was known to M. Takahashi (1) For A = (β 2), the manifold M A is the result of 0-surgery on the trefoil, and so M A is a torus bundle over S 1 with periodic monodromy; in Seifert's notation, M A = (Oo; 0| -1; 2,3,6) (cf, [M] ). The branch set is shown in Figure 25 (2) For A = (β Q), the manifold M A is the result of 0-surgery on the figure-eight knot. The branch set is shown in Figure 26 in two ways (corresponding to the fact that M A is symmetric). 
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Since both L and N(L) are strongly invertible we get another two-fold branched covering space of S 3 , whose branch set is shown in Figure 27 (c). Figure 28 is interchangeable in two ways, strongly invertible, and periodic. Figures 28(a) and (c) show (respectively) the orbit spaces V and U of E{K x ϋί 2 ) under involutions (rotations) of S 3 with fixed-point sets A and C; the fixed-point set A is perpendicular to the plane of projection of K λ U K 2 . Figure 28(d) and the top portion of (b) show the images of K x U K 2 under covering maps induced by involutions (rotations) of S 3 with fixed-point set F (a circle in a plane perpendicular to the plane of projection of K λ U K 2 and indicated by two crosses) and 5, respectively. The bottom portion of Figure 28(b) shows the orbit space,
, and in all four cases k denotes the image of the fixed-point set under the particular covering projection. We shall denote the restrictions of the four involutions of
and ZF\ n°t e that Fix(g β ) (the fixed-point set of g B ) is a collection of four arcs properly imbedded in E(K 1 U K 2 ). Finally, we can choose tubular neighborhoods of K λ and K 2 so that E(K λ U K 2 ) remains invariant under all four rotations of S 3 . Set V = E(K ι U K 2 \ and let T t be the boundary component of V corresponding to K t (i = 1,2); note that g A {T t ) = 7} (1 Φj). Let K be an oriented knot in S 3 , set N(K λ ) = N(K 2 ) = K, and let (m\Γ) be the coordinate pair -in this case, a meridian-longitude pair -for K on dE(K). Finally, let E λ (K) and £ 2 (if) be copies of E{K) with corresponding copies {ήι[, Ί[) and (m' 2 , Z^) of (ra', /'), and let p denote a fixed integer.
(1) By Theorem 2.2(vi) with pasting matrix (£ *), the involution g A on F extends to an involution h A on a two-fold branched covering space Z) of *S 3 ; let p: ί> -> S 3 denote the covering map that h A induces. The branch set pA is a doubled knot -the double of K with twist p. Set D(K, p) = pA, and write
REMARK. Note that (for fixed p Φ 0) the knot type of D(K,ρ) depends on the isotopy type of K and that our class of doubled knots contains all doubled knots up to knot type. We only need the stricter doubled-knot notation, D(K; p, η), for the statement of Corollary 3.10.
(2) Again, by Theorem 2.2(vi) with pasting matrix (° ^), the involution g c on V extends to an involution on a two-fold branched covering space M of S 3 . The manifold M is the two-fold branched covering space of a (4p + l,4)-cable about K (Figure 28(c) ). We thank W. B. R. Lickorish for pointing out that in this case, it is necessary to change the orientation of Figure 28 so that the oriented link K λ U K 2 is interchangeable with respect to g c . Thus, the coordinate pairs for K x (or K 2 ) (see Proposition 1.1) in (1) and (2) 
. This is a free involution that interchanges the boundary components of E(K λ U K 2 ). We will show that later (Theorem 3.6) that the five involutions g A , g By g c , g F , and g f on V are the only possible ones, up to strong equivalence (defined in the next section). One can easily see, by considering orbit spaces and fixed-point sets, that no two of these involutions are strongly equivalent.
REMARK. Example (g) is important, because it forms the core of the next section.
In the statement of Theorem 2.3, we shall use the concept of surgery instruction χ. Given a link in S 3 , the function χ associates to each component of the link a rational number and determines, in the usual way, a manifold obtained by Dehn surgery on the link. [Ru] has shown that certain Seifert fibered 3-manifolds also have this property. In this section, we extend this list to include the two-fold branched covering spaces of all the doubles (with nontrivial twisting) of any prime knot that is not strongly invertible. (Note that this is a larger class of knots than that covered in the theorem of our abstract [MW] ; we do not require that the exterior of the prime knot that we are doubling contain no essential annuli.)
Much of the notation that we shall use comes from Example (g) of the previous section and will not generally by referenced or explained in the present section. We begin with several lemmas leading to our Theorems 3.6 and 3.7.
Autohomeomorphism h and g of a manifold M are strongly equivalent, if there exists a homeomorphism /: M -> M such that / is isotopic to the identity and such that h=fgf~ι. To prove our main result (Theorem 3.7) of this section, we need to classify the strong equivalence classes of involutions on V. For this we need several lemmas. Note first that V is a Seifert-fibered solid torus of type (2,1) [Ja; p. 84] with a fibered neighborhood of a regular fiber removed (V is a bundle over S 1 with a disk-with-two-holes as the fiber). Hence, V has one exceptional fiber (= Fix(g F ) = F), and the orbit manifold F o of V is an annulus. LEMMA 
The only closed incompressible surfaces in the two-component link exterior V are boundary-parallel tori.
Proof The space V is the exterior of a (2,4)-torus link (the link K x U K 2 of Figure 28 ), which is a 2-bridge link, and it is well known that the exterior of a 2-bridge link contains no closed nonperipheral incompressible surfaces (see, for example, [GL; Corollary 1.2] . D REMARK. Note that V is the exterior of a well-defined infinite class of links [BuM] , but we shall be interested only in K x U K 2 .
A surface in a 3-manifold is essential, if it is properly imbedded, incompressible, boundary incompressible, and not boundary parallel. A surface in a Seifert fibered manifold is fiber complete, if the surface is a union of (Seifert) fibers; this is a variation of the term "saturated" [Ja; p. 87]. By a "surface," we shall always mean a "connected surface." LEMMA 
The manifold V contains exactly three distinct ambient-isotopy classes of essential annuli, each containing a fiber-complete representative.
Proof. To obtain representatives of the three classes, we lift three, suitable, properly imbedded arcs (missing the exceptional point) in the orbit manifold V o to V. The boundary of one of these annuli is in T v the boundary of another is in Γ 2 , and the third annulus has a boundary component in each of T x and T 2 . Obviously, these are the only fiber-complete essential annuli in V (up to isotopy). But, in V, any essential annulus is isotopic to one that is either fiber complete or transverse to all the (Seifert) fibers [WaJ. The restriction of the projection map V -> V o to an annulus transverse to all the fibers would, however, yield a covering with exactly one branch point of an annulus by an annulus. Since an Eulercharacteristic argument shows that this is impossible, our conclusion follows. D REMARK. Bleiler has also observed Lemmas 3.1 and 3.2 [Bl] .
LEMMA 3.3. Let Q be a (fixed) annulus from the unique isotopy class of essential annuli in V (Lemma 3.2) with one boundary component in each component of 3F, and let h be a PL involution on V. Then there exists a homeomorphism, σ: V -> V 9 such that σ is isotopic to the identity and σhσ~\Q) « Q.
Proof. By [Tol 2 ], we can assume that h preserves the Seifert-fiber structure on V. Hence, h induces an involution h 0 on the orbit manifold 
. Lei W be a Seifert-fibered solid torus and let h be a PL involution on W preserving the fibration. Then there exists a meridional disk D of W that is transverse to the fibration and to the Fix(A), and for which either h(D)
Proof. The proof is the same as that of Lemma 3 in [KT 2 , p. 267] except that admissible disks (the collection Σ in the proof of [KT 2 ; Lemma 3]) are transverse to the fibration, and the Λ-general position isotopies and the isotopies of α-operations and ^-operations [KT 1? pp. 223, 224, 226] are to be taken as fiber preserving (cf. proof of Corollary 4.3 of [Tol 3 ; p. 334] Since dD λ Π dD 2 Π(A ι U UΛ Π ) is the collection {α l9 ..., a pn ) of pn disjoint arcs (1-cells of both V ι and ^2) and since h ι \A i = h 1 \A i (i = 1,...,«), there is a homeomorphism f x \W-*W that is isotopic to the identity rel^ U VA n ) and that takes D λ onto D 2 and h^DJ onto Λ 2 (2) 2 ). Note that MVJ = ^2 and that A^i/ΓH^) = ^2; ) , and apply Hartley's trick to the resulting 3-cell(s), we can vary h x so that h λ = h 2 on W. Since all these variations of h λ can be chosen to leave A λ U UA n pointwise fixed, the proof is complete. D Let S be a properly imbedded, two-sided surface in a 3-manifold M and let Σ S (M) denote M split along S. There is a natural projection γ: Σ S (M) -> M, and γ~1(S') is the union of two copies of S each of which is mapped by γ homeomorphically onto S. An involution g on M with g(S) = S lifts to an involution g of Σ S (M) such that γg = gγ, because S is two-sided in M. Proof. The Seifert manifold V k is the exterior (in S 3 ) of (2,4|&|)~torus link (meeting each meridian (on some torus) twice and each longitude 4\k\ times) and can also be obtained from (S 1 X /) X S 1 by (2A:/l)-surgery on a regular fiber in the (product) Seifert fibration. Note that the conclusions of Lemmas 3.1, 3.2 and 3.3 hold for each V k just as for V_ x ( = V); the proofs are the same.
Let g λ and g 2 be any two PL involutions on V k , and let A 0 be an annulus from the unique isotopy class of essential annuli in V k with one boundary component in each boundary component of V k (Lemma 3.2). By Lemma 3.3, we can assume that gi(A 0 ) = A o without changing the strong-equivalence class of g, (i = 1,2). Now suppose that g λ \A Q and g 2 \A 0 are strongly equivalent. We will show that g λ and g 2 are themselves strongly equivalent.
Because g λ \A 0 and g 2 \A 0 are strongly equivalent and because A o is bicollared in V k by a product neighborhood meeting each component of dV k in an annulus, we can vary g λ so that g λ \A 0 = g 2 \A 0 ; we assume that this has been done. The space Σ A (V k ) (= V k split along A o ) is a solid torus W; let γ: W -> V k denote the natural projection. Then y~\A 0 ) is a pair of disjoint annuli {A V A 2 } on the dW each of whose median is a (21 A: |, l)-torus knot. If g λ and g 2 are the lifts to W of g x and g 2 , then gj(Ai) e { A l9 A 2 ] (i = 1,2; j = 1,2). By the first paragraph in the proof of Lemma 3.5, it follows that each of g x and g 2 is OP; consequently, each of g x and g 2 is also OP. Thus, by considering a small 3-cell Q in V k that meets A o in a disk in 3<2, one can easily show that both g x and g 2 preserve the sides of A o or both reverse them. But then, gi{A t ) = g 2 (A i ) (i = 1,2), and so g ϊ \A i = g 2 |^t /9 because g λ \A 0 = g 2 |^0 It follows immediately from Lemma 3.5 that g x and g 2 are strongly equivalent. Hence, if gι\A 0 and g 2 |^4 0 are strongly equivalent, then so are g λ and g 2 . As Kim noted in [Ki; p. 382 ] and as we noted earlier, any involution on S ι X / is strongly equivalent to one of the form φ X ψ, with φ 2 = id and ψ(/) = / or 1 -ί, for each / e /. Therefore, there are exactly five (nontrivial) strong-equivalence classes of involutions on S 1 X / and, hence, at most five such classes of involutions on V k .
As we have seen, however, there are at least five strong-equivalence classes of involutions (represented by g A , g 5 , g c , g F and g f ) on V. As with the (2,4)-torus link K x U K 2 (whose exterior is V) 9 it is not difficult to see that a (2,4|Λ:|)-torus link (whose exterior is V k ) is interchangeable in two ways, strongly invertible, periodic, and freely periodic (by an involution in S 3 ). (K) , the family T is minimal, and the fiber structure on h A W 1 is compatible with that of W Ύ U V.) There is an essential fiber-complete annulus A λ in W x with 3^4 X c T l9 and by the construction of Z), /?(<^i) is a pair of meridians of V (= pV) on dV (cf. Figure 28(a) ). But then pA x is an essential annulus in E(K) whose boundary components are meridians of K, and so W λ (as well as W 2 ) is a composing space; that is, AT is a composite knot, contrary to hypothesis. Therefore, σ = V; that is, V is a component of Σ.
Since 3σ such that / is isotopic to the identity and such that f(T')= T. We shall denote fi'f~ι by h'\ hence, h'T = T.
We claim that h'{T λ U T 2 ) = 7\ U T 2 . If not, then for some / and y in {1,2}, we have h% <£ dV and A'?;, c Ej(K). Hence, ΛT c Ej(K), for otherwise, Λ r F contains a characteristic torus (either 7\ or T 2 ) in its interior that is not boundary parallel (because of the minimality of Γ), which contradicts Lemma 3.1. But if ATc Ej(K), then K must be a companion of itself, because V is a cable space. Thus, since no knot can be a companion of itself [Sch], we have h\T x U T 2 ) = T λ U Γ 2 , and so A'F= V.
Next we claim that A' (= Fix(Λ r )) c IntF. If Λ 7 c Int£ z (^), then h'\V is a free involution. By Theorem 3.6, there is exactly one strong equivalence class of free involutions on V 9 and each involution of this class interchanges the boundary components of V. Hence, h'E^K) = Ej(K) (i Φ j) . This is a contradiction, however, because Fix(Λ / ) c E t {K). On the other hand, if A' Π (T x U T 2 ) Φ 0, then h% = η, for at least one i e {1,2}, and A' Γ\ T t contains exactly four points, because W is OP. But then K is strongly invertible, contradicting our hypothesis. Thus A' c IntF. Therefore, by Theorem 3.6, there exists a homeomorphism φ: V -> V such that φ is isotopic to the identity (on V) and such that φ (h'\V) (Figure 28(b) ).
Proof. Since D is irreducible, D' is a prime knot. Since K is nontrivial and V is boundary irreducible, the torus T x (= θis^.KT)) is incompressible in Z). Now 7\ is invariant under /*#, meets Fix(/z#) (=5) in exactly four points, and splits D into irreducible, boundary-irreducible parts. It follows from a result of W. B. R. Lickorish, as Bleiler pointed out in [Bl] , that D f is the join of two prime tangles. On the other hand, Bleiler has shown that any double of a prime knot is not the join of two prime tangles Let Σ be a characteristic submanifold for D. After ambient isotopies of Z), we can assume (as shown in the Proof of Theorem 3.7) that V is a component σ of Σ (because K is prime) and that V' belongs to a component σ' such that in which W i is a composing space (/ = 1,2). Since the number of components of dσ' is 2n (> 4) (here n is the number of prime factors of the composite knot K') and the number of components of 3σ is 2, we have σ £ σ'; hence, σ Π σ' = 0. Therefore, σ' c £,.(jfi:), for / = 1 or / = 2. Consequently, σ' is. a torus-knot space, a cable space, or a composing space [Ja; Lemma IX.22, p. 188] . But σ' is obviously neither a torus-knot space nor a cable space. It is not a composing space either, because it has one exceptional fiber and a composing space has none. Thus, we have a contradiction to our assumption that D' is a doubled knot. D 
